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Introduction to the problem



Problem under study

(P0)

 div(J) = g, with J = −∇u + Vu, in Ω

J · n = 0 on ∂Ω

Hypotheses

Ω open bounded polygonal connected domain of Rd,

g ∈ L2(Ω),
V ∈ Lp(Ω)d (2 < p < +∞ if p = 2, p = d if d ≥ 3).

Weak solution ū ∈ H1(Ω) ,

∀ϕ ∈ H1(Ω) ,

∫
Ω
∇ū · ∇ϕ−

∫
Ω

ūV · ∇ϕ =
∫

Ω
gϕ.



Problem under study : coercivity ?

∀ϕ ∈ H1(Ω) ,

∫
Ω
∇ū · ∇ϕ−

∫
Ω

ūV · ∇ϕ︸ ︷︷ ︸ =
∫

Ω
gϕ︸ ︷︷ ︸ .

a(ū, ϕ) L(ϕ)

Coercivity ?

a(u, u) =
∫

Ω
∇u · ∇u−

∫
Ω

uV · ∇u

=
∫

Ω
|∇u|2 +

∫
Ω

divV
u2

2
−

∫
∂Ω

u2V · n.

No hypotheses on div(V) and V · n

the bilinear form is not coercive
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∗ convergence of finite volume schemes
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∗ Neumann boundary conditions

∗ existence under assumption:

∫
Ω

g = 0

∗ no uniqueness: operator has a kernel

∗ no direct estimates, proof via Fredholm alternative



Addition of a lower order term

(Pγ)

 div(J) + γu = g, with J = −∇u + Vu, in Ω

J · n = 0 on ∂Ω

γ > 0

Direct a priori estimates on the solution (at least for large γ)

Existence and uniqueness of a solution

Use of Fredholm alternative to get any γ and γ = 0

Adaptation of this method to get convergence of some
finite volume schemes for (P0) and (Pγ) ?



Finite volume schemes



Admissible mesh : definition and notations

•

•

xL

xK

K

L

σ = K|L

dσ nK,σ

T : family of cells K, open convex polygonal subsets of Ω
E : family of edges σ

P : family of points xK ∈ K with (xK , xL) ⊥ σ

For discrete Sobolev inequalities :

∃ζ > 0 such that d(xK , σ) ≥ ζdσ, ∀K ∈ T ,∀σ ∈ EK .



Principle of the scheme

•

•

xL

xK

K

L

σ = K|L

dσ nK,σ

Integration on each cell K of
divJ = g,

J = −∇u + Vu,

with

J · n = 0 on all σ ⊂ Γ.

∑
σ∈EK,int

FK,σ = m(K)gK for all K ∈ T

FK,σ approximation of

∫
σ
J · nK,σ



Numerical fluxes

FK,σ ≈
∫

σ
J · nK,σ with J = −∇u + Vu

=⇒ FK,σ ≈
∫

σ
−∇u · nK,σ +

∫
σ

uV · nK,σ

•

•

xL

xK

K

L

σ

Dσ

nK,σ

Approximation of V · nK,σ on σ:

vK,σ =
1

m(Dσ)

∫
Dσ

V · nK,σ,

vK,σ =
1

m(σ)

∫
σ
V · nK,σ,

vK,σ = V(xσ) · nK,σ

Centered fluxes

FK,σ =
m(σ)
dσ

(uK − uL) + m(σ)vK,σ
uK + uL

2
.



Numerical fluxes

FK,σ ≈
∫

σ
J · nK,σ with J = −∇u + Vu

=⇒ FK,σ ≈
∫

σ
−∇u · nK,σ +

∫
σ

uV · nK,σ

•

•

xL

xK

K

L

σ

Dσ

nK,σ

Approximation of V · nK,σ on σ:

vK,σ =
1

m(Dσ)

∫
Dσ

V · nK,σ,

vK,σ =
1

m(σ)

∫
σ
V · nK,σ,

vK,σ = V(xσ) · nK,σ

Upwind fluxes

FK,σ =
m(σ)
dσ

(uK − uL) + m(σ)(v+
K,σuK − v−K,σuL).



Numerical fluxes

FK,σ ≈
∫

σ
J · nK,σ with J = −∇u + Vu

•

•

xL

xK

K

L

σ

nK,σ

••
zL

=

xL · nK,σ

zK

=

xK · nK,σ

z

J · nK,σ = J

Scharfetter, Gummel, 1969

Resolution of the following ODE in 1D: − ∂u

∂z
(z) + vK,σu(z) = J, z ∈ [zK , zL],

u(zK) = uK .

u(z) =
J

vK,σ
+ (uK − J

vK,σ
)evK,σ(z−zK).



Numerical fluxes

FK,σ ≈
∫

σ
J · nK,σ with J = −∇u + Vu

u(z) =
J

vK,σ
+ (uK − J

vK,σ
)evK,σ(z−zK)

Scharfetter-Gummel fluxes

FK,σ = m(σ)J is defined by imposing u(zL) = uL :

FK,σ =
m(σ)
dσ

(
Bsg(−vK,σdσ)uK −Bsg(vK,σdσ)uL

)
where Bsg is the Bernoulli function:

Bsg(s) =
s

es − 1
.



Generic form of the fluxes

Scharfetter-Gummel fluxes

FK,σ =
m(σ)
dσ

(
Bsg(−vK,σdσ)uK −Bsg(vK,σdσ)uL

)
with Bsg(s) =

s

es − 1
.

Centered fluxes

FK,σ =
m(σ)
dσ

(uK − uL) + m(σ)vK,σ
uK + uL

2

=
m(σ)
dσ

(
Bce(−vK,σdσ)uK −Bce(vK,σdσ)uL

)
with

Bce(s) = 1− s

2
.



Generic form of the fluxes

Scharfetter-Gummel fluxes

FK,σ =
m(σ)
dσ

(
Bsg(−vK,σdσ)uK −Bsg(vK,σdσ)uL

)
with Bsg(s) =

s

es − 1
.

Upwind fluxes

FK,σ =
m(σ)
dσ

(uK − uL) + m(σ)(v+
K,σuK − v−K,σuL)

=
m(σ)
dσ

(
Bup(−vK,σdσ)uK −Bup(vK,σdσ)uL

)
with

Bup(s) = 1 + s−.



Generic form of the fluxes

FK,σ =
m(σ)
dσ

(
B(−vK,σdσ)uK −B(vK,σdσ)uL

)

Bsg(s) =
s

es − 1
, Bce(s) = 1− s

2
, Bup(s) = 1 + s−.
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Numerical schemes

Scheme for (P0): (S0)∑
σ∈EK,int

FK,σ = m(K)gK

FK,σ =
m(σ)
dσ

(
B(−vK,σdσ)uK −B(vK,σdσ)uL

)

Properties of the function B

B is Lipschitz-continuous on R,

B(0) = 1 and B(s) > 0 for all s ∈ R (s < 2 for Bce),

B(s)−B(−s) = −s for all s ∈ R



Numerical schemes

Scheme for (Pγ): (Sγ)∑
σ∈EK,int

FK,σ + γm(K)uK = m(K)gK

FK,σ =
m(σ)
dσ

(
B(−vK,σdσ)uK −B(vK,σdσ)uL

)

Properties of the function B

B is Lipschitz-continuous on R,

B(0) = 1 and B(s) > 0 for all s ∈ R (s < 2 for Bce),

B(s)−B(−s) = −s for all s ∈ R



Particularity of the SG scheme

Case where V = ∇Φ div(J) = 0, with J = −∇u +∇Φ u, in Ω

J · n = 0 on ∂Ω

Kernel spanned by ̂̄u = eΦ

New definition of vK,σ

vK,σ =
Φ(xL)− Φ(xK)

dσ

FK,σ =
m(σ)
dσ

(
Bsg(− vK,σdσ)uK −Bsg(vK,σdσ)uL

)

= 0 if uK = eΦ(xK) ∀K ∈ T



Particularity of the SG scheme

Case where V = ∇Φ div(J) = 0, with J = −∇u +∇Φ u, in Ω

J · n = 0 on ∂Ω

Kernel spanned by ̂̄u = eΦ

New definition of vK,σ

vK,σ =
Φ(xL)− Φ(xK)

dσ

FK,σ =
m(σ)
dσ

(
Bsg(Φ(xK)− Φ(xL))uK −Bsg(Φ(xL)− Φ(xK))uL

)

= 0 if uK = eΦ(xK) ∀K ∈ T



Particularity of the SG scheme

Case where V = ∇Φ div(J) = 0, with J = −∇u +∇Φ u, in Ω

J · n = 0 on ∂Ω

Kernel spanned by ̂̄u = eΦ

New definition of vK,σ

vK,σ =
Φ(xL)− Φ(xK)

dσ

FK,σ =
m(σ)
dσ

( Φ(xK)− Φ(xL)
eΦ(xK)−Φ(xL) − 1

uK − Φ(xL)− Φ(xK)
eΦ(xL)−Φ(xK) − 1

uL

)

= 0 if uK = eΦ(xK) ∀K ∈ T



Particularity of the SG scheme

Case where V = ∇Φ div(J) = 0, with J = −∇u +∇Φ u, in Ω

J · n = 0 on ∂Ω

Kernel spanned by ̂̄u = eΦ

New definition of vK,σ

vK,σ =
Φ(xL)− Φ(xK)

dσ

FK,σ =
m(σ)
dσ

( Φ(xK)− Φ(xL)
eΦ(xK)−Φ(xL) − 1

uK − Φ(xL)− Φ(xK)
eΦ(xL)−Φ(xK) − 1

uL

)
= 0 if uK = eΦ(xK) ∀K ∈ T



Existence and uniqueness of a solution



Scheme (S0) under matricial form

∑
σ∈EK,int

FK,σ = m(K)gK

FK,σ =
m(σ)
dσ

(
B(−vK,σdσ)uK −B(vK,σdσ)uL

)
Matricial form

AU = G

with

AK,K =
∑

σ∈EK,int

m(σ)
dσ

B(−vK,σdσ) , K ∈ T ,

AK,L = −m(σ)
dσ

B(vK,σdσ) , K ∈ T , L ∈ N(K), σ = K|L,

AK,L = 0 , K ∈ T , L 6∈ N(K).



Scheme (Sγ) under matricial form

∑
σ∈EK,int

FK,σ + γm(K)uK = m(K)gK

FK,σ =
m(σ)
dσ

(
B(−vK,σdσ)uK −B(vK,σdσ)uL

)

Matricial form

AγU = G

with
Aγ = A + γD
D = Diag(m(K))



Properties of A and Aγ

AK,K =
∑

σ∈EK,int

m(σ)
dσ

B(−vK,σdσ),

AK,L = −m(σ)
dσ

B(vK,σdσ) , or AK,L = 0.

Properties

Strict positivity of the diagonal terms of A and Aγ (γ > 0)

Nonpositivity of the extra diagonal terms

AK,K = −
∑

L∈N(K)

AL,K , ∀K ∈ T .

Aγ (γ > 0) is strictly diagonally dominant with
respect to the columns.

Aγ (γ > 0) is an M-matrix and then invertible.



Kernel and Image of A

Properties

AK,K = −
∑

L∈N(K)

AL,K , ∀K ∈ T .

(1, 1, · · · , 1)∗ ∈ Ker(A∗)

Ker(A∗) and Ker(A) have at least dimension 1.

Im(A) =

{
(GK)K∈T ;

∑
K∈T

GK = 0

}
.

Furthermore

Ker(A) has dimension 1.

If U ∈ Ker(A)\{0}, then either U > 0 or U < 0.



Results

Theorem (C.C.-H. – J. Droniou)

Existence and uniqueness of a solution to (Sγ)

The kernel of scheme (S0) has dimension 1

and is spanned by a function û = (ûK)K∈T > 0.

If

∫
Ω

g = 0, there exists a unique solution to (S0) such that

∫
Ω

u = 0.



Results of convergence



Convergence of the scheme (Sγ)

Theorem (C.C.-H. – J. Droniou)

(Mn) sequence of admissible meshes (ζ not depending on n),

size(Mn) → 0 as n →∞,

un unique solution to (Sγ).

Then,

un → ū in L2(Ω),

ū ∈ H1(Ω) is the unique weak solution to (Pγ).



Sketch of the proof

Estimates for large γ (u solution to (Sγ))

∃γ0 > 0 and C > 0 such that for all γ ≥ γ0

|u|21,M︸ ︷︷ ︸
discrete H1−norm

+‖u‖2
L2(Ω) ≤

C

γ
‖u‖2

L2(Ω)

Passing to the limit in the scheme (Sγ)

un unique solution to (Sγ),
(|un|1,Mn + ||un||L2(Ω))n≥1 bounded,

un → ū in L2(Ω) as n →∞,with ū ∈ H1(Ω)

Then, ū is a weak solution to (Pγ)

Estimates for any γ ≥ 0 (by contradiction)



Convergence of the kernel for the scheme (S0)

Theorem (C.C.-H. – J. Droniou)

(Mn) sequence of admissible meshes (ζ not depending on n)

size(Mn) → 0 as n →∞,

ûn unique positive element with L2-norm equal to 1 in the
kernel of (S0)

Then,

ûn → ̂̄u in L2(Ω)̂̄u ∈ H1(Ω) is the unique positive element in the kernel of
(P0) with L2-norm equal to 1.



Convergence of the scheme (S0)

Theorem (C.C.-H. – J. Droniou)∫
Ω

g = 0,

(Mn) sequence of admissible meshes (ζ not depending on n)

size(Mn) → 0 as n →∞,

un unique solution to (S0) with zero mean value.

Then,

un → ū in L2(Ω)

ū ∈ H1(Ω) is the unique solution to (P0) with zero mean
value.



Numerical experiments



General framework

Domain: Ω = [0, 1]× [0, 1].

Meshes: Sequence of 7 admissible triangular meshes

Mesh 1 Mesh 2

N triangles → 4N triangles

size : h → size :
h

2



Test case 1

V(x, y) =
(

10
0

)
= ∇Φ with Φ(x, y) = 10x.

Kernel of (P0) ⇒ ̂̄u(x, y) = exp(10x),
Kernel of (S0) ⇒ û,

}
normalized to 1
in L2-norm

Numerical convergence (different choices for vK,σ coincide)

Number of ‖û− ̂̄u‖L2(Ω) ‖û− ̂̄u‖L2(Ω) ‖û− ̂̄u‖L2(Ω)

triangles centered scheme upwind scheme SG scheme

56 4.48e-02 1.66e-01 5.73e-16

224 1.26e-02 1.05e-01 8.28e-16

896 3.14e-03 5.88e-02 8.48e-15

3584 7.51e-04 3.04e-02 6.84e-15

14336 1.84e-04 1.55e-02 2.35e-14

57344 4.85e-05 7.83e-03 6.26e-14

229376 1.14e-05 3.94e-03 6.78e-14



Test case 2

V(x, y) = ∇Φ with Φ(x, y) = log(x + y − 2xy).

Kernel of (P0) spanned by ̂̄u(x, y) = x + y − 2xy.

Numerical convergence

vK,σ = V(xσ) · nK,σ

Order 2 in L2-norm for the centered and the SG schemes,

Order 1 in L2-norm for the upwind scheme

vK,σ =
Φ(xL)− Φ(xK)

dσ

SG scheme is ”exact”



Test case 3

V(x, y) = 10p

 −(y − 0.5)

(x− 0.5)


Numerical solutions (SG scheme, Mesh 7)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1



Test case 3

V(x, y) = 10p

 −(y − 0.5)

(x− 0.5)


Numerical solutions (SG scheme, Mesh 7)



Test case 3

Positivity of the kernel

Mesh Centered scheme Upwind scheme SG scheme

min min min

1 -1.56e-02 2.15e-01 2.03e-01

2 -7.86e-02 4.41e-02 3.47e-02

3 -2.20e-01 2.62e-03 1.15e-03

4 -7.70e-02 4.67e-05 5.09e-06

5 -2.77e-03 7.94e-07 6.50e-09

6 -1.07e-09 1.82e-08 1.24e-10

7 1.00e-11 9.44e-10 2.34e-11

Péclet condition for the centered scheme

|vK,σdσ| < 2 for all σ.



Test case 4 (with a right hand side g)

V(x, y) = 10p

 −(y − 0.5)

(x− 0.5)


g(x, y) = cos(2πx) cos(2πy)

Numerical solution



Test case 4 (with a right hand side g)

V(x, y) = 10p

 −(y − 0.5)

(x− 0.5)


g(x, y) = cos(2πx) cos(2πy)

Numerical solution



Test case 5 (g + nonhomogeneous boundary conditions h)

V(x, y) = −100

 x + y

y − x

 (divV < 0)

Right hand side and boundary conditions

chosen such that ū(x, y) = 30x(1− x)y(1− y) (‖ū‖L2(Ω) = 1)

Numerical convergence

Order 2 in L2-norm for the centered and the SG schemes,

Order 1 in L2-norm for the upwind scheme


