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Outline of the talk

© Introduction to the problem

@ Presentation of the finite volume schemes

© Existence and uniqueness of a solution

@ Results of convergence

© Numerical experiments, comparison of the different schemes



Introduction to the problem



Problem under study

div(J) = g, with J = =Vu + Vu, in Q
(Po)
J-n=0o0n 00

Hypotheses

@ O open bounded polygonal connected domain of R¢,
e gc L?Q),
o VeIP(0)¢ (2<p<+xifp=2 p=difd>3).

Weak solution

ue€ HY(Q),
VgoeHlQ,/Vu Vi — /uV-Vgo:/ggp.
Q



Problem under study : coercivity ?

Yo € HY(Q), /Va-Vgo/ﬂV-Vga = /ggp.
Q Q Q

a(a, ¢) L(p)

Coercivity ?

a(u,u) = /VU'VU—/UV'VU
Q Q

2
= /|Vu|2—|—/diVVu—/ u?V - n.
Q Q 2 o0

No hypotheses on div(V) and V - n

{

the bilinear form is not coercive




References

e DroniIOU, 2002
« Dirichlet, Fourier and mixed boundary conditions

x existence of a unique solution

x direct explicit estimates on the solution

e DRrRONIOU, GALLOUET, 2002

x convergence of finite volume schemes

e DRONIOU, VAZQUEZ, to appear

x Neumann boundary conditions
* existence under assumption: / g=20
Q

% No uniqueness: operator has a kernel

* no direct estimates, proof via Fredholm alternative



Addition of a lower order term

div(J) + yu = g, with J = —=Vu + Vu, in Q

(Py)
J-n=0o0n0N

e v>0
@ Direct a priori estimates on the solution (at least for large )
@ Existence and uniqueness of a solution

@ Use of Fredholm alternative to get any v and v =0

Adaptation of this method to get convergence of some
finite volume schemes for (Py) and (P,) ?
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Admissible mesh : definition and notations

e 7 : family of cells K, open convex polygonal subsets of {2
o & : family of edges o

e P : family of points xx € K with (zx,z1) L o

@ For discrete Sobolev inequalities :

3¢ > 0 such that d(zx,0) > (d,, VK € T,Yo € Ek.



Principle of the scheme

Integration on each cell K of
divd =g,
J=—Vu+ Vu,

with

J-n=0onalloCT.

° Z Fro=m(K)gx forall K € T

UGSK,int

e Fk ., approximation of / J ng,

g




Numerical fluxes
Fro & /J ‘N s withJ = —Vu+ Vu
o

= fK7G%/—Vu-nK,U+/uV-nK,U
o g

Approximation of V - ng , on o:
1

o UKJ m V. nKU

w(D,)
1
O

m(o)
® Vg, = V(2s) Ngeo

Centered fluxes
FK,O’ =

md(a) (ug —ur) + m(a)vK,aw.




Numerical fluxes
Fro & /J ‘N s withJ = —Vu+ Vu
o

= fK7G%/—Vu-nK,U+/uV-nK,U
o g

Approximation of V - ng , on o:




Numerical fluxes

Fko %/J ‘ng . withJ = —-Vu+ Vu

J Nnge = J
—————— * - ——— = ———.4%'.0————>
K “ZL oz

@ SCHARFETTER, GUMMEL, 1969
=3 Resolution of the following ODE in 1D:

- @(z) +okou(z) =J, 2 € 2k, 2L],
u(zg) = uk.

)evK,U(Z*ZK)_

VK, o VUK ,o



Numerical fluxes

Fro ~ /J ‘N withJ = —Vu+ Vu

J
'LL(Z) = vre —+ (UK = or )evK,a(ZfzK)

Scharfetter-Gummel fluxes

Fk.o =m(o)J is defined by imposing u(zr) = up, :

m(o)

fK,O’ = da

(Bsg(_UK,ado)uK — Bsg(UK,ado)UL)

where By, is the Bernoulli function:

BSy(S) =

es —1°



Generic form of the fluxes

Scharfetter-Gummel fluxes

m(o
j:K,a = dF ) (Bsg(_UK,UdU)uK - Bsg(UK,ada)uL>
with By (s) = = N
Centered fluxes
m(o Ug +u
Fro = d( )(uK —up) + m(a)vKJ%
= Hld(o-) (Bce(_vK,o'dU)uK - BCE(UK,O'dO')uL)

with 5
Be(s)=1— —.
()=1-2



Generic form of the fluxes

Scharfetter-Gummel fluxes

ml(o
fK,g = dF )( g( UKUd )UK - Bsg(vK,odU)uL>
with Bgy(s) = i —
Upwind fluxes
m(o _
-7:K,0' = d()(uK - UL) + m(O’)(U};UUK - UK,UU’L)
= Hti(a—) (Bup(_'UK,crdo)uK - BUP(UK,UdU)uL>

with
Bup(s) =1+s".



Generic form of the fluxes

m(o
FKo = d( ) (B(—UK,ada)uK — B(UK,ada)uL)
g
s s _
Bgy(s) oy Bee(s)=1— =, Byp(s)=1+s

6 —

5 —ce

o
4
3
m 2

I

o
w o

vl



Numerical schemes
Scheme for (Py): (So)

° Z Fr.o =m(K)gx
UESK,int

° Fro = md(a) (B(—UK,ada)uK _B(’UK,ada)uL>

Properties of the function B

@ B is Lipschitz-continuous on R,
e B(0) =1and B(s) >0 forall s e R (s < 2 for B.),
@ B(s)— B(—s) =—sforallseR




Numerical schemes
Scheme for (P,): (S,)

° Z Fro + ym(K)ug = m(K)gx

0E€EK int

(@)

® Fro= 4

(B(—UK,UdU)uK — B(UK,Udg)uL)

Properties of the function B

@ B is Lipschitz-continuous on R,
@ B(0)=1and B(s) >0 forall seR (s <2 for B),
@ B(s)— B(—s)=—sforallseR




Particularity of the SG scheme
Case where V =V o
div(J) =0, with J = —-Vu+ V® u, in Q
J-n=20on 9N
o®

Kernel spanned by @ =

New definition of vy ,

_ O(zr) — P(zk)

i




Particularity of the SG scheme

Case where V =V &
div(J) =0, with J = -Vu+ Vo u, in Q
{ J-n=20on 9N
D

Kernel spanned by & = e

New definition of vy ,




Particularity of the SG scheme

Case where V = Vo
div(J) =0, with J = —-Vu+ V® u, in Q
J-n=0o0n00

Kernel spanned by @ = e®

New definition of vy ,

P(zr) — (2k)

vK,O’ = do-
~ m(o) [ Blak) — B(zr) O(xr) — (zk)
Fro = o (e’l)(xk)—q’(l‘L) — 1uK - e®(an)—®(rk) — 1UL

)



Particularity of the SG scheme

Case where V = Vo
div(J) =0, with J = —-Vu+ V® u, in Q
J-n=0o0n00

Kernel spanned by @ = e®

New definition of vy ,

P(zr) — (2k)

VK, o = 4,
_ m(o) [ P(rg) — (xr) D(zy) — P(K)
Fro = d, <e¢<xx>—<1><m “ YK T B(er) (k) _ 1“L>

=0 iqu:eq)(wK) VK €T



Existence and uniqueness of a solution



Scheme (Sy) under matricial form

° Z Fr,o = m(K)gk
GegK,int

m(o)
do

o FK,O’ = <B(_UK,0'dU)UK _B(UK,O'dU)uL>

Matricial form
AU =G

with

Akx= Y mcl(")B(—vK(,da), KeT,
UEEK,im
m(o)
ds
AKyLZO, KET,L%N(K).

Ak =———B(vksds), KeT,LeN(K),o=K]|L,



Scheme (S,) under matricial form

° Z Fro + ym(K)ug = m(K)gx
aegK,int

o FK,O’ - md(a) <B(_UK,ado)uK _B(vK,ada)uL>

Matricial form
AU=G

with
Ay =A+D

D = Diag(m(K))



Properties of A and A,

mlo
Agxk= ) d()B(_UK,oda>7
0€EK int 7

m(o)

AK,L = — B(’L)K’Udo), or AK,L =0.

Properties
@ Strict positivity of the diagonal terms of A and A, (v > 0)
@ Nonpositivity of the extra diagonal terms

o Akx=- Y Ak, VKeT.
LeN(K)

A, (v > 0) is strictly diagonally dominant with
respect to the columns.

A, (v > 0) is an M-matrix and then invertible.



Kernel and Image of A

Properties

OAKJ(:— Z AL,K; VK €T.
LEN(K)

(1,1,---,1)* € Ker(A*)

Ker(A*) and Ker(A) have at least dimension 1.

o Im(A) = {(GK)KGT > Gk = 0}-
KeT
Furthermore

e Ker(A) has dimension 1.
o If U € Ker(A)\{0}, then either U > 0 or U < 0.



Results

Theorem (C.C.-H. — J. Droniou)

e Existence and uniqueness of a solution to (S)

@ The kernel of scheme (Sp) has dimension 1

and is spanned by a function 4 = (4x)xer > 0.

o If / g = 0, there exists a unique solution to (Sy) such that
Q

/uzO.
Q
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Convergence of the scheme (S,)

Theorem (C.C.-H. — J. Droniou)

e (M,,) sequence of admissible meshes (¢ not depending on n),
@ size(M,,) — 0 as n — oo,

® wu, unique solution to (S,).

Then,
o u, — i in L*(Q),

o 4 € H'(Q) is the unique weak solution to (P,).




Sketch of the proof

Estimates for large v (u solution to (S,))

Jv > 0 and C' > 0 such that for all v > g

Cho2
Jul? HulFz@) < —llulz:
M 12(0) = 7 I1%lIz2(9)
discrete H!—norm
Passing to the limit in the scheme (S,)

® wu, unique solution to (S,),
o (Junl1,nm, + |unllz2(Q))n>1 bounded,
o u, — uin L*(Q) as n — oo,with 4 € H()

Then, @ is a weak solution to (P5)

Estimates for any v > 0 (by contradiction)



Convergence of the kernel for the scheme (S;)

Theorem (C.C.-H. — J. Droniou)

e (M,,) sequence of admissible meshes (¢ not depending on n)
e size(M,,) — 0asn — oo,
@ 1, unique positive element with L?-norm equal to 1 in the

kernel of (So)

Then,
o U, — uin L*(Q)
e u € H'(Q) is the unique positive element in the kernel of
(Po) with L2-norm equal to 1.




Convergence of the scheme (S)

Theorem (C.C.-H. — J. Droniou)

o/g:(),
Q

e (M,,) sequence of admissible meshes ({ not depending on n)
@ size(M,) — 0 as n — oo,
@ u, unique solution to (Sp) with zero mean value.
Then,
e u, — uin L3(Q)

e & € H'(Q) is the unique solution to (Pg) with zero mean
value.
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General framework

Domain: Q =[0,1] x [0,1].

Meshes:  Sequence of 7 admissible triangular meshes

Mesh 1 Mesh 2
N triangles — 4N triangles
size : h — size : —

2



Test case 1

Ve = ()

o Kernel of (Py)
e Kernel of (Sp)

Numerical convergence

10

=
=

?( y)=exp(10w),}

> =V® with &(z,y) =10z.

normalized to 1
in L2-norm

(different choices for vk, coincide)

Number of | [|@ — @ 12(q) 1@ =l 2y | 1a = allza

triangles | centered scheme | upwind scheme | SG scheme
56 4.48e-02 1.66e-01 5.73e-16
224 1.26e-02 1.05e-01 8.28e-16
896 3.14e-03 5.88e-02 8.48e-15
3584 7.51e-04 3.04e-02 6.84e-15
14336 1.84e-04 1.55e-02 2.35e-14
57344 4.85e-05 7.83e-03 6.26e-14
229376 1.14e-05 3.94e-03 6.78e-14




Test case 2

o Kernel of (Py) spanned by u(z,y) = = +y — 2zy.
Numerical convergence

° Vg, = V(2y) Ngeo
o Order 2 in L2-norm for the centered and the SG schemes,

o Order 1 in L?-norm for the upwind scheme

P(xp) — (k)
do‘

o SG scheme is "exact”

® VK=



Test case 3

( ~(y=05) )
V(z,y) =107
(x —0.5)

Numerical solutions (SG scheme, Mesh 7)

1

0.8/ > -\\\\\—
0.6// ,"\\\\—

0.4 v ’ 1
Vo - /7
N L - /
/
02 Q:\\\\. ,-// /
\\\__’/,///
o NN

0 0.2 0.4 0.6 0.8 1 X




Test case 3

—(y—0.5)
V(z,y) =107
(x —0.5)

Numerical solutions (SG scheme, Mesh 7)

1




Test case 3

Positivity of the kernel

Mesh | Centered scheme | Upwind scheme | SG scheme
min min min
1 -1.56e-02 2.15e-01 2.03e-01
2 -7.86e-02 4.41e-02 3.47e-02
3 -2.20e-01 2.62e-03 1.15e-03
4 -7.70e-02 4.67e-05 5.09e-06
5 -2.77e-03 7.94e-07 6.50e-09
6 -1.07e-09 1.82¢-08 1.24e-10
7 1.00e-11 9.44e-10 2.34e-11

Péclet condition for the centered scheme

vk ode| <2 forall o.



Test case 4 (with a right hand side g)

( ~(y=05) )
V(z,y) =107
(x —0.5)

g(x,y) = cos(2mz) cos(27y)

Numerical solution

j\&

/ \\
/”L

@Km




Test case 4 (with a right hand side g)

( ~(y=05) )
V(z,y) =107
(x —0.5)

g(x,y) = cos(2mz) cos(27y)

Numerical solutlon




Test case 5 (¢ + nonhomogeneous boundary conditions h)

T+y
V(z,y) = —100 (divV < 0)
y—x
Right hand side and boundary conditions

chosen such that u(z,y) = 30z(1 — z)y(1 — y) ([|lull 12 = 1)

Numerical convergence
@ Order 2 in L2-norm for the centered and the SG schemes,

@ Order 1 in L?-norm for the upwind scheme



