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Mathematical Framework

2D : stationary incompressible Navier-Stokes eqs.
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Mathematical Framework

2D : stationary incompressible Navier-Stokes egs.

u-n=>0 ., u-t=0 only
Boundary conditionsy p+su-u=py , u-t=0 onTy
u-n=20 , w=uwg onljs

with w = curiu the scalar vorticity
(see also Conca et al. IINMF 95, Dubois M3AS '02)
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Mathematical Framework

2D : stationary incompressible Navier-Stokes egs.

u-n=>0 ., u-t=0 only
Boundary conditionsy p+su-u=py , u-t=0 onTy
u-n=2=0 , w=uwg onljs

with w = curiu the scalar vorticity
(see also Conca et al. IINMF 95, Dubois M3AS '02)

Amara, Capatina and Trujillo Math. Comp. 07 :
Three-fields formulation in (u,w, p) thanks to :

1
u.Vu=wu + §V(u -u)
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Mathematical Framework

From now on : Q c R? connected bounded polyhedron.
Stationary incompressible Navier-Stokes equations

—vAu+u.Vu+Vp=1£f in(),
divu = 0 wn ).
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Mathematical Framework

From now on : Q c R? connected bounded polyhedron.
Stationary incompressible Navier-Stokes equations

—vAu+u.Vu+Vp=1£f in(),
divu = 0 wn ).

u-n=>0 uxn=0 only

Boundary conditions p+3u-u=py , uxn=0 only

~»

u-n=>0 , wXxn=wy onls
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A |
Mathematical Framework

From now on : Q c R? connected bounded polyhedron.
Stationary incompressible Navier-Stokes equations

—vAu+u.Vu+Vp=1£f in(),
divu = 0 wn ).

u-n=>0 uxn=0 only

Boundary conditionsX 5+ lu-u = py

~»

., uxn=0 only

u-n=>0 , wXxn=wy onls
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Mathematical Framework

We take: f € L3(Q), wo =0, pp = 0 and |T'| > 0.
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Mathematical Framework

We take: f € L3(Q), wo =0, pp = 0 and |T'| > 0.

Dynamic pressure: p=p+ zu-u Vorticity: w = curlu
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A |
Mathematical Framework

We take: f € L3(Q), wo =0, pp = 0 and |T'| > 0.
Dynamic pressure: p=p+ zu-u Vorticity: w = curlu

By means of the relation : u-Vu+ Vp = Vp+w x u,
the system becomes:

[ veurlw+Vp+wxu=~f inQ,

/"

w = curlu i §2,

| divu =0 in €.
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A |
Mathematical Framework

We take: f € L3(Q), wo =0, pp = 0 and |T'| > 0.
Dynamic pressure: p=p+ zu-u Vorticity: w = curlu

By means of the relation : u-Vu+ Vp = Vp+w x u,
the system becomes:

[ veurlw+Vp+wxu=~f inQ,
{ w=-curlu in (,
| divu =0 in €.

Unknowns:

m vector flelds: u, w
m scalar field: p.
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The linear Stokes operator

Associated Stokes problem :

veurlw +Vp =g in (),
w = curlu wn €2,
divu = 0 i €2,
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The linear Stokes operator

Associated Stokes problem :

veurlw +Vp =g in (),
w = curlu wn €2,
divu = 0 i €D,

Boundary conditions

un=0 , uxn=0 only,
p=20 , uxn=0 onls,
un=0 , wxn=0 onljs.
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The linear Stokes operator

Associated Stokes problem :

veurlw +Vp =g in (),
w = curlu wn €2,
divu = 0 i €D,

Boundary conditions

un=0 , uxn=0 only,
p=20 , uxn=0 onls,
un=0 , wxn=0 onljs.

Hypothesis: g € L3 () .
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The linear Stokes operator

Mixed variational formulation:

Find (o,u) € X x M suchthat
a(o,7) +b(t,u) =0 VreX,
b(o,v) = —I(v) Vv € M,
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The linear Stokes operator

Mixed variational formulation:

Find (o,u) € X x M suchthat
a(o,7) +b(t,u) =0 VreX,
b(o,v) = —I(v) Vv € M,

forall o = (w,p), 7=(0,q) e Xand ve M :
a(o,7) = V/w.QdQ,
Q

b(T,Vv)

—v / 0.curlvd() + / gdivvdS),
Q) Q)

[(v) = /Qg.vdﬂ.

Stabilized Finite Element Method for 3D Navier-Stokes Equ#éions — p. 6/



N

The linear Stokes operator

The following Hilbert spaces are employed :

M = {v € H(div,curl;Q)); v-n|p,ur, =0, vxn|pr,ur, = 0},
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The linear Stokes operator

The following Hilbert spaces are employed :
M = {v € H(div,curl;Q)); v-n|p,ur, =0, vxn|pr,ur, = 0},

X = L3(Q) x L*(Q),
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b

The linear Stokes operator

The following Hilbert spaces are employed :
M = {v € H(div,curl;Q)); v-n|p,ur, =0, vxn|pr,ur, = 0},

X = L3(Q) x L*(Q),

where

H(div, curl; Q) = {v € L*(Q); divv € L*(Q), curlv € L*(Q)}.

Stabilized Finite Element Method for 3D Navier-Stokes Equ#éions — p. 7/
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The linear Stokes operator

The following Hilbert spaces are employed :
M = {v € H(div,curl;Q)); v-n|p,ur, =0, vxn|pr,ur, = 0},

X = L3(Q) x L*(Q),

where
H(div, curl; Q) = {v € L*(Q); divv € L*(Q), curlv € L*(Q)}.
H(div, curl; Q) and M are both normed by

)1/2

Iviin = (]
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The linear Stokes operator

We introduce |v|y; = (||divv]| S

(2),9 + ||curlv]|
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The linear Stokes operator

We introduce |v|y; = (||divv]|

We assume that:

2 N\1/2
0.0)

(2),9 + ||curlv]|

e |-|pg IS €quivalent to the norm ||-||y; IN M,
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The linear Stokes operator

We introduce |v|y; = (||divv L2,

2
0.9)

(2),9 + ||curlv

We assume that:
e |-|pg IS €quivalent to the norm ||-||y; IN M,

e M is compactly imbedded in LP(Q2), p > 4
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The linear Stokes operator

We introduce |v|y; = (| )

We assume that:
e |-|pg IS €quivalent to the norm ||-||y; IN M,

e M is compactly imbedded in LP(Q2), p > 4

e the traces of the elements of M belong to L*(I).
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The linear Stokes operator

We introduce |v|y; = (||divv S

(2),9 + ||curlv

We assume that:
e |-|pg IS €quivalent to the norm ||-||y; IN M,

e M is compactly imbedded in LP(Q2), p > 4

e the traces of the elements of M belong to L*(I).

Last two assumptions hold if : M c H*(Q), 3 < s <1

(in 2D, we can prove : M C H*(Q) with 3 < s <1)
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The linear Stokes operator

Continuous linear Stokes operator S defined by:

S LY3(Q) — X xL4YO)
g — S(g)=(ou).
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The linear Stokes operator

Babuska-Brezzi:

[ find (o,u) € X x M suchthat
8 a(o,7)+b(r,u)=0 VreX,
L b(o,v) = —I(Vv) Vv € M,

admits a unigue solution if:

. b(o, v)
B inf sup > >0
veM\{0} pex |[V|Imlloflx
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The linear Stokes operator

Babuska-Brezzi:

[ find (o,u) € X x M suchthat
8 a(o,7)+b(r,u)=0 VreX,
L b(o,v) = —I(Vv) Vv € M,

admits a unigue solution if:

. b(o, v)
B inf sup > >0
veM\{0} pex |[V|Imlloflx

m ., .)Is V—elliptic, where

V={reX; b(r,v)=0,Vv e M}
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The nonlinear Navier-Stokes operator

We introduce the nonlinear operator

G:X x LY Q) — LY3(Q)
G(1,v) =0 x v, where T = (0, q).
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The nonlinear Navier-Stokes operator

We introduce the nonlinear operator

G:X x LY Q) — LY3(Q)
G(t,v) =0 x v, where T = (0, q).

Navier-Stokes equations:
F(o,u) =0,
where F' is defined by :

F: X xL*Q) — X x L*()
F(r,v)=(r,v) = S(f — G(7,Vv)).
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The nonlinear Navier-Stokes operator

We assume that there exists a solution (¢, u) such that:

T

(0,u) =0 and DF(o,u)is an isomorphism on XxL(Q),
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The nonlinear Navier-Stokes operator

We assume that there exists a solution (¢, u) such that:

F(o,u) =0 and DF(o,u)isan isomorphism on XxL*(Q),
where

DF(o,u) =Id+ S(DG(o,u)).
and

DG(o,u)(1,v) =0 X u+w X Vv V= (0,q) € X.
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The discrete Stokes operator

We define

® (7;,)5~0 regular family of triangulations of Q
consisting of tetrahedrons,

Stabilized Finite Element Method for 3D Navier-Stokes Equéons — p. 13/



b

The discrete Stokes operator

We define

® (7;,)5~0 regular family of triangulations of Q
consisting of tetrahedrons,

m &, the set of internal faces,
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We define
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m &, the set of internal faces,
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The discrete Stokes operator

We define

® (7;,)5~0 regular family of triangulations of Q
consisting of tetrahedrons,

m &, the set of internal faces,

m 1 the diameter of the tetrahedron K,

m /. the diameter of the face e,

M), ={v;, e M;VK €T, v; |xk€ Pi(K)} C C°(Q),
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The discrete Stokes operator

We define

® (7;,)5~0 regular family of triangulations of Q
consisting of tetrahedrons,

m &, the set of internal faces,

m 1 the diameter of the tetrahedron K,

m /. the diameter of the face e,

M), ={v;, e M;VK €T, v; |xk€ Pi(K)} C C°(Q),
m Ly ={qn € L*(;VK € Ty, qn |x€ Po(K)} .
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The discrete Stokes operator

We define
® (7;,)5~0 regular family of triangulations of Q
consisting of tetrahedrons,
m &, the set of internal faces,
m 1 the diameter of the tetrahedron K,
m /. the diameter of the face e,
M), ={v;, e M;VK €T, v; |xk€ Pi(K)} C C°(Q),
m Ly ={qn € L*(;VK € Ty, qn |x€ Po(K)} .
Xy, =Ly XLy, and My
are discrete subspaces of X and M .
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The discrete Stokes operator 5y,

S, L3(Q) — X, x M,

g — (op,up)
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The discrete Stokes operator 5,

Sh, Lg(ﬂ) —  Xp X My,

g — (op,up)
(o, up) solution of :
( Find (o3, = (wh,pn),up) € X, x My, suchthat

a(on, ) + BAR(on, ) + 0(Th,up) =0 V7 = (0h, qn) € X,
8 b(O‘h,Vh) = — fQ g.vydr Vv, € My,

/"
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The discrete Stokes operator 5,

S, 1 L3(Q) — X, x My,

g — (o, up)
(o, up) solution of :
[ Find (o5, = (wp,pp),up) € Xp, x My, suchthat

a(on, ) + BAR(on, ) + 0(Th,up) =0 V7 = (0h, qn) € X,
8 b(O‘h,Vh) = — fQ g.vydr Vv, € My,

/"

where

B Ap(op,7h) = > he /[ph] gnlds + ) he /thhdF,

ecé& eCl's

m 5 > 0 stabilization parameter,
m [ the jump across the edge e € &),
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The discrete Stokes operator

m The inf-sup condition is satisfied.
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The discrete Stokes operator

m The inf-sup condition is satisfied.
m Coercivity: we add Ay, to the bilinear form a(-, -).
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The discrete Stokes operator

m The inf-sup condition is satisfied.
m Coercivity: we add Ay, to the bilinear form a(-, -).
m o + (A IS uniformly continuous on X;,.
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The discrete Stokes operator

m The inf-sup condition is satisfied.

m Coercivity: we add Ay, to the bilinear form a(-, -).
m o + (A IS uniformly continuous on X;,.

m o + (A 1S uniformly elliptic on V..
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The discrete Stokes operator

m The inf-sup condition is satisfied.

m Coercivity: we add Ay, to the bilinear form a(-, -).
m o + (A IS uniformly continuous on X;,.

m o + (A 1S uniformly elliptic on V..

—Existence and uniqueness for discrete Stokes pb.
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The discrete Stokes operator

The operator S;, Is linear, continuous and satisfies:

Hsh(g)HXxL‘l(Q) < C”gHL4/3(Q)

with ¢ independent of » and
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b

The discrete Stokes operator

The operator S;, Is linear, continuous and satisfies:

Hsh(g)HXxL‘l(Q) < C”gHL4/3(Q)

with ¢ independent of » and

vg € LY3(Q), lim [|(5' = 5h)(8) | x xpt(e) = 0:
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The discrete Stokes operator

The operator S;, Is linear, continuous and satisfies:
Hsh(g)HXxL‘l(Q) S C HgHL4/3(Q)

with ¢ independent of » and

vg € LY3(Q), lim [[(S — 5p)(8)llxxr@) = 0.
Moreover, if g € L?(Q) and (o,u) € H(Q) x H?(Q) :

1(S — Sh)(8)llxxm < ch HgHL2(Q) -
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The discrete Stokes operator

Proof of the inf-sup condition: (usually difficult)
Since, for all 7, = (65, q5) € X},

b(1p,,vy) = —(0p, curl vy,) + (qp,, div vy,),

taking

75, = (—curlvy, divvy) € X,

we obtain

2 : 2 2
0.0 T ldivvp|lg o = [vhlu

b7, Vi) = [Fallk = llcurlv,

and sup b(Th, Vi) _ O(Th; Vi)

= ||Thllx = |ValMm-
meX,  Tnllx 78] x

Inf-Sup condition verified with constant v = 1.
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The discrete Stokes operator

Proof of the V,- coercivity (usually trivial) of ay,:
ap, = a+ GAy.

Semi-norm on X, associlated to A,: for all 7, € X,

Thlh = VAR Th) = (D he |I]

ecCy,

1
2

We have for all 7, = (65, q1,) € Vy:

2
an(mh, h) = 0nllo.q + Blmalf, > allmllz

Proof of the X,,- continuity of q;,: for all 7, € X,
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The discrete Navier-Stokes problem

The discrete Navier-Stokes formulation can be written:
Fh(o_ha uh) — (07 O)
where F}, Is defined by :

F, X x L4(Q) - X x L*(Q)
Fy(1,v) = (1,v) = Sp(f — G(71,Vv)).
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The discrete Navier-Stokes problem

The discrete Navier-Stokes formulation can be written:
Fh(o_ha uh) — (07 O)
where F}, Is defined by :

F, X x L4(Q) - X x L*(Q)
Fy(1,v) = (1,v) = Sp(f — G(71,Vv)).

The functional F}, is differentiable and:
DFy(on,up) = Id + Sp(DG(on, up)).

Main tool: variant of the implicit function theorem.
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The discrete Navier-Stokes problem
We show that: V(7,v) € Y = X x L4(Q),
o [[DFy(T,V)— DER(T, V)| <c|[(T.¥) = (7, v)ly -

o limy ol[Fr(o,u)lly =0.

e dhy,Vh < hg, DFy(o,u) IS an isomorphism and
|DFy(0,u)7 || <2||DF(0,u)™!||.
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The discrete Navier-Stokes problem

Then
m Uniqueness for i < hy In a neighborhood of (o, u).
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The discrete Navier-Stokes problem

Then
m Uniqueness for i < hy In a neighborhood of (o, u).
m a priori estimates:

(o, 0) = (on, up)lly < cl[Frloa)lly -
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The discrete Navier-Stokes problem

Then
m Uniqueness for i < hy In a neighborhood of (o, u).
m a priori estimates:

(o, u) = (on, un)lly < cl[Fplou)lly -

m a posteriori estimates

(o, u) = (on, up)lly < cl[F(on,un)lly -
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A priori estimates

We get :
m Unconditionally convergent method, since

Fp(o,u) = (S, — 9)(f —w x u).
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A priori estimates

We get :
m Unconditionally convergent method, since

Fp(o,u) = (S, — 9)(f —w x u).

m Optimal convergence rate O(h) If smooth solution
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)N -
A priori estimates

We get :
m Unconditionally convergent method, since

Fp(o,u) = (S, — 9)(f —w x u).

m Optimal convergence rate O(h) If smooth solution

= Aubin-Nitsche argument = ||u — up||ps ) < O(h*/)
(respt. O(h%/2) in 2D)
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A posteriori estimators

Residuals on every element K of the triangulation:
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A posteriori estimators

Residuals on every element K of the triangulation:

m = v(wp —curluy), n2 =divay ,n3 =f —wp X uy,
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A posteriori estimators

Residuals on every element K of the triangulation:

m = v(wp —curluy), n2 =divay ,n3 =f —wp X uy,

viwp]  if e € By [ [pn] if e € Ey
ne =4 vwy ifeecls 5= ppifecly
0 1feel'1UIy \Oif€€F1UF3
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A posteriori estimators

Residuals on every element K of the triangulation:

m = v(wp —curluy), n2 =divay ,n3 =f —wp X uy,

v|wp]

=

4 — VWh
0

of e € By,
1f e €I's
1feel'1UIy

15 = 3

y

pn] if e € By,
Ph if@EFQ )

L0 ifeel1Uly

2 2 2 2 2s—1 2 2
e = Imllg g+ Im2lly e+ Insllg 22 D (Inallg e+l )

ecOK

where s € |2,1] is such that M c H*(2). Then :
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A posteriori estimators

Residuals on every element K of the triangulation:

m = v(wp —curluy), n2 =divay ,n3 =f —wp X uy,

v|wp]

=

4 — VWh
0

of e € By,
1f e €I's
1feel'1UIy

15 =

y

pn] if e € By,
Ph if@EFQ )

L0 ifeel1Uly

2 2 2 2 2 2s5s—1 2 2
e = Imllg g+ Im2lly e+ Insllg 22 D (Inallg e+l )

ecOK

where s € |2,1] is such that M c H*(2). Then :

[(o,w) = (o)l < el 3 ngo)2
KeTy,
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A posteriori estimators: A 2D example

Coarse grid Refined grid
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A posteriori estimators: A 2D example

I T 1 T 1 T I T T T T T 1
1 2 3 < 5 (&) 7

Estimators on the different meshes
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A posteriori estimators
A tool to fix the parameter 5

Example on the 2D step test
Values of n
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A posteriori estimators

A tool to fix the parameter 5

Example on the 2D step test
Values of n for 5 = 0.03,
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A posteriori estimators

A tool to fix the parameter 5

Example on the 2D step test
Values of  for 5 =0.03, 3= 0.5
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A posteriori estimators

A tool to fix the parameter 5

Example on the 2D step test

Values of n for 5 =0.03, 3=0.5and g =2
|55
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Numerical results: Convergence Rate

) :] o 17 1[37
p = sin(mx)sin(wy)sin(rz), up = cos(mx)sin(mwy)sin(mwz),

ug = sin(mx)cos(my)sin(nz), ug = —2sin(wx)sin(mwy)cos(mz).

Stabilized Finite Element Method for 3D Navier-Stokes Equéons — p. 26/



N

Numerical results: Convergence Rate

Y :] o 17 1[37
p = sin(mx)sin(my)sin(rz), uy = cos(wx)sin(mwy)sin(mrz),

ug = sin(mwx)cos(my)sin(nz), us = —2sin(wx)sin(mwy)cos(mwz).
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Error (Log scale)
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Numerical results: Convergence Rate

Y :] o 17 1[37
p = sin(mx)sin(my)sin(rz), uy = cos(wx)sin(mwy)sin(mrz),

ug = sin(mwx)cos(my)sin(nz), us = —2sin(wx)sin(mwy)cos(mwz).

—1.006

Error (Log scale)

~2.079 | ' ‘ -
2.584 3 4 4391

Number of elements (Log scale)

Slope :—% and h ~ N3 then errors ~ O(h)
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Numerical results: The cavity tests (Re=100)

The cavity test on the unit cube
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Mesh: 3232 elem., 838 nodes Streamlines
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Numerical results: The cavity tests (Re=100)

o e

—

Vorticity lines Pressure isolines

Stabilized Finite Element Method for 3D Navier-Stokes Equéons — p. 28/



Ji TS | .
Numerical results: The cavity tests (Re=5000)

The cavity test on the domain ]0,1[x]0,1[x]0,2]

Mesh: 8619 elem., 1920 nodes Vorticity lines
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Numerical results: The cavity tests (Re=5000)

Velocity Streamlines
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The step test (Re=10)

Numerical results
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Numerical results: The step test (Re=10)

Velocity

1
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Numerical results: The step test (Re=10)

IVERSIT I

Streamlines

1
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Pressure
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. The step test (Re=

Numerical results
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Numerical results: The step test (Re=1000)

Streamlines closed to the step
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Numerical results: The step test (Re=1000)

View from the bottom Lateral view

Velocity near the step
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Numerical results: The step test (Re=1000)

Streamlines closed to the step
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Numerical results: The step test (Re=1000)

Streamlines closed to the step
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Numerical results: The step test (Re=1000)

Vorticity lines
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Pressure

1
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umerical results: T-shaped domain (Re=100)

Pressure (imposed on inlet and outlet)
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' Numerical results: T-shaped domain (Re=100)

Velocity
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Numerical results: T-shaped domain (Re=100)

Vorticity lines
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Numerical results: T-shaped domain (Re=10e4)

Mesh: 21985 elem., 5024 nodes

Pressure imposed on the inlet and outlet boundaries.
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Streamlines and Velocity
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Numerical results: T-shaped domain (Re=10e4)

Vorticity lines and pressure
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Numerical results: T-shaped domain

Streamlines for Re=100 and Re=10000
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