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i Introduction
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» Basin and reservoir modeling are used by some oil companies
L. Agélas for explorations purposes to reduce exploration risk and cost.
» Basin simulations :
» To improve the present time description of the basin simulating
its geological evolution : sedimentation, compaction, erosion;
temperature, pressure, HC generation, migration

» To predict the volume, the location and the compositions of the
oil.
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Introduction

» Reservoir simulations :
» minimize risk for the development wells
» To optimize the oil recovery processes : well location, injection
of water, CO; ..., thermal, chemical oil recovery,
» Prediction of the production history of the reservoir.
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Environmental impact of the oil : production of COs.
CO, geological storage simulation allows :

> To optimize CO; injection processes
» Predict and manage the risks of CO, leakage
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> An efficient numerical simulation requires to design accurate
and robust discretization schemes for the diffusion fluxes —AV P

» The mesh has to accurately describe the geological complexity
of the heterogeneous porous medium: layers, faults, fractures,
channels
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» Provide a framework to analyse FV methods in flux formulation
» Inspired by [Eymard et al., 2007, Eymard et al., 2008]

> See also [Droniou, 2002, Di Pietro and Ern, 2008, Agélas et al.,
2008]
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Model problem

Model problem |

» We consider the following problem:

—div(AVZ)=f inQ,
u=0

A

A2

on 0Q

931

Q,
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Discretization .

(2) Ta (b) €n (c) Pn

Figure: Discretization Dy = (T, En, Pn) with h the meshsize.
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Es

XK

dk,o

KI

EKI
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Green's formula used on each cell K, gives :

- j{: J/ A‘7U' nK;U Zij[ f
o K

o€EEK

Discretization

Our goal is to find Fx ,, an approximation of [ AV - nk , such
that

_ s = f,
> e =

o€€k
Fxo+Fi, = 0 KandLsharing o
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a possible approximation of fa AV -nk s on “orthogonal mesh” is:
u(xL) —(xk)

Discretization Fr, =mg, FEPRA)

s

Problem : how to approximate [ AV -nk , on general meshes for
anisotropic discontinuous tensor A 7
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» Finite Volume MPFA O method :
The aim : to compute fluxes at half edges around each vertex s.

L. Agélas

Frko =mg (N (VDU)Kk-NK o

MultiPoint Flux
Approximation
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» Finite Volume MPFA L method :

MultiPoint Flux
Approximation

triangle a triangle b

if [t| < |t?|, triangle a is chosen, else triangle b is chosen
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» Finite Volume MPFA G method :

MultiPoint Flux
Approximation

The final flux Fk , for the cell K = 3 and the face o is :

_ a a b b c c d d
FK,U = K,JFK,0'+0K,0FK,0+0K,0FK,0+0K,0FK,0

1 = Ok, +0k,+0k,+0ks
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All the previous finite volume schemes provide consistent fluxes if
Ae Cl:
|Fk,o(pn) —mg (AV@) ) -nks | < C mgh forall p € c2

Question :

> Do the fluxes remain consistent if A is piecewise regular ?
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Yes, if we do not take C§ as the space of test functions but Q,
where Q is the space of functions ¢ : Q@ — R s.t.
» p€C(Q), p=00n0Q and, foralli=1,...,N, ¢ € C3(Q;);
» the tangential derivatives of ¢ are continuous through the
interfaces of Pq;

» the flux of Vy directed by A n is continuous through the
interfaces of Pq.
Lemma : Q is dense in H3 ().

Second question : Does convergence hold if the fluxes Fg ., are
consistent 7 Yes
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Finite Volume The idea is to transpose the spaces and theorems of the continuum
L. Agélas case to a discrete case

» The space H} becomes H7, () the space of piecewise constant
function on 7} equipped with a discrete H} norm.

» The discrete Hy norm, || - [|7, must verify
Convergence » Discrete Poincare inequality : ||u]|2 < Cllul|7;,, Yu € Hr,, ()
» Translation estimate : V€ € R® and Yu € Hr, (Q),
lu(- + &) — ullerwsy < C €] lulln,

» Discrete weak gradient : Vu € Hr, (), ||6'Du||L2(R3) < Cllullm,

where
~ 1
Vpu(x) = — Z m,(Y,u— ux)nk,, foraexe K e,
mk
o€EEK
Yo U — Uk + ’YGU_ULZO

dK o dL,O'

s



Finite Volume

L. Agélas

Convergence

Convergence |

» An example of discrete H} norm (see [Eymard et al.,
2007, Eymard et al., 2008])

Ivl7, & (Z > gemhey = wd )1/2

KeTy, aeSK

Properties :

» V is weakly convergent, i.e., if {va}nen — v € [2(Q) as h— 0
in L?(R?) and ||V va|;2(ray¢ bounded, then

lim 6vh-d>:—/ vW-b, Vbe Q.
R4 R4

h—0
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» And the weak formulation of our continuous problem : Find
u € H}(Q) s.t., for all v € H}(Q),
Convergence a(u7 V) déf / A(X)VU(X) : VV()() dX = / fV
Q Q

becomes in the discrete case,

» Discrete weak formulation: Find u, € H7,(Q2) s.t., for all
v e HT,,(Q)

aTh(uh,v) d=ef Z —VK Z FKJ(U;,) :/fv
Q

KeTy, oc€EK
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(P1) Qis a test space dense in H}(Q) s.t. Q C Go(Q) N C?()
(P2) Coercivity. There is 0 < 41 < 400 independent of h s.t.
Convergence VV S H’T"'(Q), a7—h(v, V) Z ’Y]_||V||2Th

(P3) Weak consistency (L? consistency). For all ¢ € Q with
def
on = {p(xk)}ke;, € H7,(Q)

H dK o >
| Ko _ ] _
[-,To Z Z m, |FK,<7(<)0h) my <AV<P>K nK70| 0
KeT,o€e€k
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Main result

Theorem (Convergence)
Let {Dp}ncy be an admissible family of discretizations.
Then, as h — 0, {up}hes, converges to i in L?(1).
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Theorem (Convergence)

Convergence

Let {Dp}ncy be an admissible family of discretizations.
Then, as h — 0, {up}hes, converges to i in L?(1).

Anisotropic
test case

APl Remark
test case . . . .
Flux conservativity is not required to prove convergence.
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Gradient reconstruction

Theorem (Gradient reconstruction)
Let

— of 1 _
VK € Thy Vov(x)x & — N D Fro(v) (% — xk).

o€€k
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Convergence

Gradient reconstruction

Theorem (Gradient reconstruction)
Let
= of 1 —
VK € Thy Vov(x)x & — N D Fro(v) (% — xk).
o€€k

Assume that, there is Cy independent of n s.t. Vn € N,

dk .o
WweHR(Q), > > LR (VP < GlvIE, -

m
KeT,ocEk 7

Then, as h — 0, {Vpun}nes converges to Vi in [L2(Q)]9.
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u = sin(wx)sin(wy), A= diag(0.1,1)
» Anisotropic heterogeneous test case
Smees! g(x,y) if x <6,
u= 7rbal . .
g(x,y)+ cos(bmd)(x — &) sin(cmy) otherwise

az

with g(x, y) ef sin(bmx) sin(cmy) and

A diag(ai, b1) if x <9,
| diag(ap, by) otherwise,
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(b) Randomly perturbed mesh

(a) Basin mesh (x : y =10:1)

Figure: Two elements of the mesh families used
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Figure: |lup — Tl 2(q) (direct solver)
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Figure: |lup — Tl 2(q) (direct solver)
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Figure: |lup — Tl 2(q) (direct solver)
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Figure: |lup — Tl 2(q) (direct solver)

100000



Ifé—\ References

Evirdhment

Finite Volume

L. Agélas
ﬁ Agélas, L., Di Pietro, D., Eymard, R., and Masson, R. (2008).
An ab lysis fr k for f g approximations of ani pic heter
diffusion.
Preprint available at http://hal archives-ouvertes.fr/hal-00318390/fr.
Submitted.

ﬁ Di Pietro, D. and Ern, A. (2008).

fi : 1 1 I

Discrete tools for Galerkin methods with application to the
incompressible Navier-Stokes equations.

Preprint available at http://hal.archives-ouvertes.fr/hal-00278925 /fr/.

Submitted.
Anisotropic B Droniou, J. (2002).
test case
Anisotropic A density result in Sobolev spaces.
heterogeneous J. Math. Pures Appl., 81(7):697-714.
test case
ﬁ Eymard, R., Gallou&t, T., and Herbin, R. (2007).

I n

A new finite for ani pic diffusion probl on general grids: convergence
analysis.

C. R. Math. Acad. Sci., 344(6):3-10.

ﬁ Eymard, R., Gallougt, T., and Herbin, R. (2008).
bi ization of h and ani oo LI on g 1 forming
i: a scheme using s
Preprint available at http://hal.archives-ouvertes.fr/.
Submitted.

zation and hybrid interfaces.

meshes



