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(4 local a posteriori error estimator based on equilibrated fluxes. A paraitre dans SINUM)



Probleme elliptique du second
ordre

Q est un ouvert borné de R*
[divu+ f =0 dans Q relation fondamentale (" equilibre"," continuité'...

Eu = A grad p dans Q loi constitutive (Darcy)

H + conditionaux limites

[(Fdiv(Agrad p)= f

[T conditionaux limites

Conditions aux limites: Dirichlet homogene



Volumes finis E.F. (P1-conforme)

Formulation faible Formulation variationnelle
(type Petrov-Galerkin)

Trouver p O H, (Q) et uJ H(div,Q) Trouver p 0 H,(Q))

E J:q divudx = —J:f gdx OgOL*(Q) IA grad p grad @dx :If(de Oe0 Hy(Q)
Q Q

E!;u.vdx :IAgradp.de (v D(LZ(Q))2
Q



Problemes approches

v Trouver p, OP 0 H,(Q)etu, OU, O H(div,Q)

EF Trouver p, LI B

‘gqh diva, dx = —![f g, dx Og,00, 0L (Q)

%[uh.vh dx :![Agradph.vh dx Ov, OV, O (Q)%)

Hy(Q)

IA grad p, grad@,dx :If(phdx (o, OP,
Q Q



Q Maillage dual

Maillage induit




Les espaces de discretisation

Q=|Jr
Ph:{ph
Qh:{%

Q=|[]JK
TCK,

Hy(Q); p, , OPF(T), T

L'(Q); g, OR(K),K

dim(P,) = dim(0,)




RT, ={u 0 H(div;Q),u ORT,(¢),¢ 05, ]

Uh={uh RT ;divu, Qh}
D(K) ={ wD H(div,K); divu OP,(K) et u_ORT,(¢),10S,]
D,(K) ={ ullD(K);u.n =O} est un sous espace de dim =1

w, =B rot¥,

avec W, une fonctionde base B sur S,
{

V, =vect(w,;,elle, ) vect(w,; KLK,)

dim(U,) =dim(V,)



Schéma volumes finis

(1) Juh.ndo:—ffdx 0K Ok,
K K

2) f[u,.w.dx—[Agradp,.w.dx=0 HOélle
h é h é h
Q

-
Q

-’

Q

3 (u,.w,dx—-[Agradp,.w,dx =0 OK[K
h K h K h
Q

Intégration approchée

W,
é e

Iuh W, dx = Aire(suppw,) u,
Q

(2) - (2), w,.n,=Agradp,.n,
En reportant (2), dans (1), on obtient un schéma volumes finis
qui fournit une solution p, dans H'.
Un post traitement local donne u, dans H(d1v,Q) vérifiant
divu,+ f, =0 dans Q






v = ;lvdx vOL*(Q)
1
M, = t_t[vdx yOLX(Q)

Iyv, =v(x) vOC(Q)

oV = ]1<Iv<Pdex vO L (Q)
Q

V= PQVO;K < ChKV1,wK vOH' (Q)

oo T A vy

Q






Volumes finis

diva, ==I1,f

e, =\lu=w, .+ Agrad(p-p,),

o, =0 +2[(f = Mys)lp - p,Jax

@ <n+Ce

K hy
ey renal g e,

1/2

P,- conforme

diva, ==F, f

e, =/ 4grad(p —p)|

o, <ne, + [ =Pt )l p =i

@ <n+Ce

hy h’
=3 RSt



e[]Jg >0

2
0

(1-eN2 -+ e < lu—u,|’_ +|Agrad(p-p,)° <(+en’+C(1+ )E’
e’ illo,0 oo, €

e FOH(Q) (0<s<1)

2

4/Agrad p —ul

1-0(h) < %2 <1+0(")

2

N

w-u, |+ Agrad(p=p,)|
r] 2

1-0(h°) < L <1+0(h)



Equivalence avec les sauts des flux discrets

C ;K a 7 ; N}
cNi = b I‘IQf nf, <Cng V.F
EF N S fz;K " [4grad p, ], <cng

K e

On montre que

Ny = Zhe(

2

€ O;e)

n ie +[uh—Agradph].n

A h
Y o w-agradpln ) <C 3 agradpn ]l
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Quel type d'estimateur a-t-on?
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e, = Agrad(p=p,) ,

e, = | Agrad p —u; 2

0,Q

2 2
e,y = uuy, o+ Agrad(p=p,)|
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p6y) = xtx=1)y(y = Hexp(-100(x=")

Nodes

5
13
22
51
119
273
690
1627
3744
9195
20976

Nodes

5
13
35
83
178
387
945
2703
175
17299

2

n
4.6415E-4
7.8068E-4
3.5421E-4
6.7632E-4
2.9918E-4
1.0153E-4
3.7415E-5
1.6235E-5
6.5097E-6
2.5983E-6
1.1810E-6

2

n
9.1557¢-2
9.5695¢-3
1.1260e-3
3.8608¢-4
2.3465¢-4
7.6880e-5
2.2791e-5
7.6171e-6
3.1784e-6
1.2704e-6

€
p

4.2285E-3
3.9305E-3
2.0710E-3
7.2815E-4
2.4460E-4
6.9201E-5
2.3979E-5
1.0292E-5
4.1858E-6
1.6673E-6
TATI3E-T

€

P

2.2687¢-1
2.9197¢-2
34171e-3
7.1832¢-4
2.0749¢-4
5.4286¢-5
1.5119¢-5
4.9707¢-6
2.0624¢-6
8.1788e-7

0

P
3.018
2244
2418
1.038
0.904
0.826
0.801
0.796
0.802
0.801
0.796

0

p
1.574
1.747
1.742
1.364

0.940
0.840
0.814
0.807
0.805
0.802

€

u

4.2757E-3
3.3364E-3
2.1427E-3
4.9787E-4
1.2578E-4
2.9736E-5
9.7250E-6
4.1622E-6
1.6412E-6
6.5218E-7
2.95TIB-T

€

1.5916¢-1

2.4084¢-2
2.8726e-3
6.1726e-4
1.1744¢-4
2.3628¢-5
6.0886¢-6
1.9542¢-6
8.1224e-7
3.2002e-7

I

2-100(y -
0u eup
6.070 8.7835E-3
4.135 7.0631E-3
4919 4.4626E-3
1.716 1.3339E-3
1.297 4.0115E-4
1.082 1.1024E-4
1.020 3.8158E-5
1.013 1.6442E-5
1.004 6.5372E-6
1.002 2.6035E-6
1.001 1.1820E-6
0u eup
2.637 3.6409¢-1
3173 5.2953¢-2
3.194 6.3082¢-3
2.529 1.4276¢-3
1415 3.5221¢-4
1.109 8.5696¢-5
1.034 2.3573e-5
1.013 7.7170e-6
1.011 3.2137e-6
1.004 1.2752¢-6

117

1000
0
up
4.350
3.008
3.550
1.404
1.158
1.042
1.010
1.006
1.002
1.001
1.000

up
1.994
2.352
2.367
1.923
1.225
1.056
1.017
1.007
1.006
1.002

V.F.

E.F.
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p(r,0) =" (B, sin(6) +y,, cos(ab))

A:%I
1 =0,535
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Nodes

17
49
7
151
333
767
1775
4151
9621
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-0.5

2

J
3.7972E+0
1.7419E+0
8.9621E-1
4.5087E-1
2.2049E-1
1.0569E-1
4.9744E-2
23677E-2
1.1194E-2

€
p

1.5019E+0
72512E-1
3.9538E-1
2.0979E-1
1.0224E-1
4.9834E-2
2.3458E-2
1.1120E-2
5.2559E-3

p
0.629
0.645
0.664
0.682
0.681
0.687
0.687
0.685
0.685

eLI
1.0015E+0
4.3943E-1
2.2680E-1
1.1502E-1
5.5336E-2
2.6579E-2
1.2541E-2
5.9297E-3
2.7995E-3

1.027
1.005
1.006
1.010
1.002
1.003
1.004
1.001
1.000

€
up

3.9016E+0
1.7498E+0
9.0170E-1
4.5547E-1
22092E-1
1.0600E-1
4.9955E-2
2.3698E-2
1.1196E-2

up
1.014
1.002
1.003
1.005
1.001
1.002
1.002
1.000
1.000
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—— Standard estimator
——  Our estimateur

10°
Nb nodes
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3 refinement steps
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0.5

nb nodes: 749

o]

Q.5

nb nodes: 810

6]
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nb nodes: 1055

8]

0.3911
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4 refinement steps

o]

0.5

nb nodes: 2092

6]

0.5

nb nodes: 2159

o]

nb nodes: 2082

n%=0.1552

n°=0.1718






